In this article we use the generalized Gossez-Lami Dozo property and the Opial condition to study the fixed point property for left reversible semigroups in separable Banach spaces. As a consequence, some previous results will be deduced and new examples of Banach spaces satisfying the fixed point property for left reversible semigroups are shown. We will also extend some previous theorems when we consider the semigroup formed by a unique nonexpansive mapping and its iterates.
Introduction
A semigroup S is said to be a semitopological semigroup if S is equipped with a Hausdorff topology such that for each a ∈ S, the two mappings from S into S defined by s → as and s → sa are continuous. A semitopological semigroup S is said to be left reversible if any two nonempty closed right ideals of S have nonempty intersection. Clearly every Abelian semitopological semigroup and every semitopological group are left reversible. Also left amenable and in particular amenable semitopological semigroups are left reversible [] .
Let C be a subset of a Banach space X and let S be a semitopological semigroup. A nonexpansive action of S on the set C is a map φ : S × C → C, denoted by φ(s, u) = s(u) (or su), which satisfies:
(i) ts(u) = t(su) for all t, s ∈ S and u ∈ C.
(ii) For all u  ∈ C, the function s ∈ S → s(u  ) ∈ C is continuous.
(iii) For every s ∈ S, the mapping u ∈ C → s(u) ∈ C is nonexpansive. A subset C is said to verify the fixed point property for left reversible semigroups if for every left reversible semitopological semigroup S and for every nonexpansive action φ : S × C → C, the set Fix(S) := {u ∈ C : t(u) = u, ∀t ∈ S} is nonempty.
Definition . Let X be a Banach space and τ be a topology on X. It is said that X has the τ fixed point property (τ -FPP) for left reversible semigroups if every closed, convex, bounded subset C which is τ -compact has the fixed point property for left reversible semigroups.
usual definition of the τ -FPP for nonexpansive mappings. There exist some Banach spaces failing the w-FPP [] and therefore they fail the w-FPP for left reversible semigroups (we can consider the semigroup S = {T, T  , T  , . . .} where T is the fixed point free nonexpansive mapping in the well-known Alspach example []). In  Kirk proved that every Banach space with weak normal structure satisfies the w-FPP for nonexpansive mappings. In a similar way it can be proved that weak * normal structure implies the weak * -FPP in dual Banach spaces.
In the seventies Kirk's result was generalized by Lim [], Holmes and Lau [] in the setting of nonexpansive actions of left reversible semigroups, that is, weak normal structure implies the w-FPP for left reversible semigroups. In the case of dual Banach spaces, such a general statement is still unknown for the weak * normal structure and the weak * -fixed point property for left reversible semigroups (see Open Problem . in [] 
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. In , Randrianantoanina [] proved that the space T (H) of trace class operators on a Hilbert space also satisfies the weak * -FPP for left reversible semigroups. He also proved the same property for the Hardy Banach space [] . However, the techniques used in the previous articles cannot be extended to more general dual Banach spaces since they are mainly based on the following fact: in the abovementioned Banach spaces, the asymptotic center of a weak * compact set with respect to a decreasing net of bounded subsets is proved to be either norm compact or weakly compact. This is not true for every weak * compact set in a dual Banach space, as we will later check in Example .. In , Randrianantoanina [] proved that the Banach space L  [, ] or, more generally, every noncommutative L  -space associated to a finite von Neumann algebra satisfies the fixed point property for left reversible semigroups with respect to the abstract measure topology τ (the convergence in measure topology in case of L  [, ]). Here the asymptotic centers of τ -compact sets are norm compact.
In this paper we develop new arguments to deduce whether a dual Banach space satisfies the weak * -FPP for left reversible semigroups. More generally, we will consider τ as any translation invariant topology on a separable Banach space X and we give sufficient conditions to assure the τ -FPP for left reversible semigroups. The strict Opial condition and the generalized Gossez-Lami Dozo property will be our main tools. Most of the previous known results will be deduced from ours, but we will also achieve new examples of Banach spaces which satisfy the τ -FPP for left reversible semigroups. Here we will consider different types of topologies. Firstly we will regard the weak * topology in Musielak-Orlicz sequence spaces, in some renormings of  and in some other dual Banach spaces nonisomorphic to  . We will also consider the topology of the convergence locally in measure in some function spaces, the abstract measure topology in L-embedded Banach spaces and the topology of ρ-almost everywhere convergence in modular function spaces. Moreover, we will extend some known results for nonexpansive mappings to the setting of the fixed point property for left reversible semigroups.
Preliminaries
We introduce some definitions and concepts.
Let X be a Banach space and let {B s } s∈A be a decreasing net of bounded subsets of X. For x ∈ X and s ∈ A, we consider
Notice that r(·) is a continuous function for the norm topology. We defined the asymptotic radius and the asymptotic center of a set C with respect to the family {B s } s∈A as
In the following example we check that asymptotic centers of weak * -compact sets are not weakly compact in general.
Example . Let X be the space  renormed as follows:
Since {e n } is a monotonous boundedly complete Schauder basis for X = (  , · ), this space is isometric to the dual of the closed subspace spanned by the orthogonal functions {e * n }. Thus X is a dual space and in fact its weak * topology coincides with the σ (  , c  ) topology.
Consider the set
which is a closed convex bounded w * -compact set.
Define the bounded subsets B s = {e k : k ≥ s}, where the {e n } are the unit basic vectors. In this case r(x) = lim sup s x -e s , and it is easy to check that r(x) ≥  for all x ∈  . However, for all k, n with k < n,   e k -e n = , which implies that   e n belongs to the asymptotic center of C with respect to the sequence {B s } s , and this center is not weakly compact. Therefore, the arguments used in [-] or [] to prove the existence of a common fixed point for left reversible semigroups of nonexpansive mappings are not useful in this example. We will later deduce that (  , · ) does satisfy the w * -FPP for left reversible semigroups.
Let (T, τ ) be a topological space. Recall that a function f : T → R is said to be τ -sequentially lower semicontinuous (τ -slsc) if f (t) ≤ lim inf n f (t n ) for every sequence (t n ) n ⊂ T with τ -lim n t n = t  . From now on, let X be a Banach space and let τ be a translation invariant topology on X, that is, τ -lim n x n = x if and only if τ -lim n (x n -x) = .
We introduce the following definitions which generalize two geometric properties which are well known in case of the weak topology. These properties were attempts to get some information about the behavior of the norm on the weakly convergent sequences. The Opial condition was introduced by Opial () [] and the generalized Gossez-Lami Dozo property was introduced by Jiménez-Melado () [] when τ is the weak topology.
Definition . Let (X, · ) be a Banach space and τ be a topology on X. We will say that X has the generalized Gossez-Lami Dozo property for the topology τ (τ -GGLD) if for every (norm) bounded and τ -null sequence {x n } such that lim x n =  and lim n,m,n =m x n -x m exists, it is the case that
Definition . It is said that a Banach space (X, · ) satisfies the Opial condition with respect to a topology τ if
for all x ∈ X with x = x  , whenever (x n ) is a sequence in X with τ -lim n x n = x  .
The τ -GGLD property and the Opial condition will be the key to our main results. It is well known that these properties are not related. We will also illustrate this assertion with some examples. Definition . Let (X, · ) be a Banach space and τ be a topology on X. It is said that X is uniformly Kadec-Klee with respect to τ , UKK(τ ), if for every >  there exists some δ >  such that whenever {x n } n is a sequence in the closed unit ball of X, which is τ -convergent to a point x ∈ X with inf n =m x n -x m > , then x <  -δ.
Associated with the UKK(τ ) property, the following modulus is defined:
In case that τ is the weak topology the previous coefficient is known as Partington's modulus, and it is clear that a Banach space has the UKK(τ ) property if and only if P X,τ ( ) >  for every ∈ (, ]. We denote P X,τ ( -) = lim → -P X,τ ( ). For τ a linear topology, it is not difficult to check that
for every (norm) bounded τ -null sequence {x n } such that lim n,m,n =m x n -x m exists. Therefore X verifies the τ -GGLD property whenever X is UKK(τ ).
Main results
Let C be a set and {B s } s∈A be a decreasing net of bounded subsets of X. It is clear that
Therefore, if the set C is τ -sequentially compact and the function r(·) is τ -slsc, the asymptotic center AC({B s } s∈A , C) is a nonempty, τ -sequentially compact set. If C is convex, so is AC({B s } s∈A , C).
We now prove the following technical lemma.
for every x ∈ C, where r  denotes the asymptotic radius of C with respect to the net {B s } s .
Proof We will use a similar argument to that of Theorem  in [] . Let {y n } be a dense sequence in C and define y n = n i=
We then have the following inequalities:
From this we obtain that
and it follows that
Thus for a fixed k, it easily follows lim n→∞ x n -y k = r  . Since {y n } is dense in C, we deduce lim n→∞ x n -x = r  for all x ∈ C.
Recall that every left reversible semitopological semigroup S becomes a directed set when the following partial order is defined:
where cl(bS) denotes the topological closure of the right ideal bS.
Let C be subset of X, S be a left reversible semitopological semigroup, and consider a nonexpansive action of S acting on C. For a fixed element u ∈ C define W s = cl(sS(u)), where here the closure is taken for the norm topology. The sets {W s : s ∈ S} form a nondecreasing family of subsets of C. In this case define r(x) = lim s r(x, W s ). Moreover,
for all t, s ∈ S and x ∈ C. Indeed
Therefore r(tx) = inf s r s (tx) ≤ inf s r s (x) = r(x) for every t ∈ S, and this implies that the set
is either empty or S-invariant for every λ > .
As a consequence, the following lemma is known.
Lemma . Let X be a Banach space endowed with a topology τ . Let C be a closed convex bounded subset of X which is τ -sequentially compact. Let S be a left reversible semitopological semigroup and consider a nonexpansive action of S on the set C. Assume that the function r(·) is τ -slsc. Then
is a nonempty closed convex τ -sequentially compact set which is S-invariant.
Next we obtain fixed point results by means of the τ -GGLD and the Opial property.
Theorem . Let X be a Banach space and τ be a topology on X. Let C be a (norm) separable closed, convex, bounded, τ -compact and τ -sequentially compact subset of X. Let S be a left reversible semigroup generating a nonexpansive action over C. Assume that for some u ∈ C the previous function r(·) is τ -slsc. If X verifies either the τ -GGLD property or the Opial condition with respect to τ , then Fix(S) = ∅. In case of the weak topology, the separability of C is not necessary.
Proof Let F be the family of nonempty, convex, τ -closed and S-invariant subsets of C. Ordering the family by inclusion and using Zorn's lemma, we obtain a set which is minimal with respect to being nonempty, convex, τ -closed and S-invariant. We can then assume that C is the minimal set.
Since AC({W s } s , C) is also a nonempty, convex, τ -closed and S-invariant subset of C, we have that AC({W s } s∈S , C) = C. Let r  denote the asymptotic radius of C with respect to {W s } s∈S and take {x n } n as in Lemma .. By Theorem III.. of [] we can further assume that lim n,m,n =m x n -x m exists and it must then be equal to r  . Since C is τ -sequentially compact, we can assume that {x n } n is τ -convergent, say to some x  ∈ C. We have that lim n x n -x  = r  , which contradicts the τ -GGLD property since τ -lim n (x n -x  ) = . On the other hand, for some y ∈ C with y = x  , we obtain
which contradicts the Opial condition. Therefore Fix(S) = ∅.
In case that τ coincides with the weak topology, it is known that both the w-GGLD condition and the Opial condition for the weak topology imply weak normal structure [] and therefore the w-FPP for left reversible semigroups [] .
Notice that for separable Banach spaces and topologies τ weaker than the norm topology, the τ -compactness of the domain is a superfluous assumption. Indeed, the separability of X implies that X is Lindelöf for the norm and so does for the topology τ since it is weaker that the norm topology. Thus, τ -sequentially compact sets are countably compact and Lindelöf, so they are τ -compact.
Many examples of Banach spaces are known to satisfy the GGLD condition or the Opial property with respect to some classical topologies. However, to apply Theorem ., the τ -sequential lower semicontinuity of the function r(·) for some u ∈ C must be checked. In what follows we study equivalent and sufficient conditions to assure this statement.
Let {x n } be a bounded sequence. We define the type function associated to the sequence {x n } n by
In case that τ -lim n x n =  we say that is a τ -null type function.
Recall that given {B s } s∈A a decreasing net of bounded subsets of X we defined r(·) associated to the net {B s } s∈A as r(x) = lim s r(x, B s ). The following lemma will be very helpful to assure whether the function r(·) is τ -sequentially lower semicontinuous.
Lemma . The function r(·) is τ -slsc if and only if the type functions
Proof One implication is direct since we can take B s = {x n : n ≥ s}. Then (x) = r(x) = lim sup n x n -x .
Assume that the type functions are τ -sequentially lower semicontinuous. Take {B s } s∈A any decreasing net of bounded subsets, and let (y n ) n be a τ -convergent sequence to some point y ∈ X. We have to prove that r(y) ≤ lim inf n r(y n ).
Consider a sequence ( n ) n of positive real numbers with lim n n = .
We claim that there exists a sequence {x n } n with x n ∈ B s n and s n > · · · > s  , such that By (), lim sup n x n -y = r(y) and by (), lim sup n x n -y i ≤ r(y i ) for every i ∈ N.
We consider the type function (x) = lim sup n x n -x . We now have
which implies that the function r(·) is τ -sequentially lower semicontinuous as we wanted to prove.
In the setting of Theorem ., the set C is τ -sequentially compact, so we can assume that the sequence {x n } obtained in the previous lemma is τ -convergent. Moreover, since the topology is translation invariant, we only need to assume that the τ -null type functions are τ -sequentially lower semicontinuous.
Finally, we can state our main result in this section. Notice that when τ is the weak topology, the separability of X is not necessary.
On the other hand, it is said that the τ -null type functions are constant on spheres if
for every x, y ∈ X with x = y , where {x n } n is a norm bounded τ -null sequence. In [] (Lemma ) it is proved that the norm and the τ -null type functions are τ -slsc whenever they are constant on spheres.
First examples and applications for the weak-star topology
In this section we are going to apply Theorem . to several different classes of dual Banach spaces endowed with their weak * topologies.
To begin with, consider X = (  , ·  ), where by ·  we denote the usual norm, and let τ be the weak * topology σ (  , c  ), which is metrizable. It can easily be checked that for every w * -null sequence {x n } n and for all x ∈  , 
In case that G is a separable compact group, its Fourier-Stieltjes algebra B(G) is the direct one-sum of a sequence of finite dimensional Banach spaces (see Section  in [] and Chapter I, Theorem . in []). Applying Corollary . we can deduce the following. Given a Musielak-Orlicz function, a convex modular I is defined on the set of all real sequences given by
Corollary . [] Let G be a separable compact group and B(G) be its Fourier-Stieltjes algebra. Then B(G) satisfies the w

Corollary . [] Let H be a Hilbert separable Banach space. Then T (H), the space of the trace class operators on H, has the weak * -FPP for left reversible groups, where the predual is E = K(H), the space of all compact operators defined on H.
In this case, Lennard proved that T (H) verifies the weak
A Musielak-Orlicz sequence space generated by is defined by = x = (x n ) : I (λx) < +∞ for some λ >  .
We can consider equipped with the Luxemburg norm
or with the Orlicz norm
It is well known that both norms are equivalent and is a Banach space [, ]. In case that φ m = φ n for all n, m ∈ N, we simply say that is an Orlicz sequence Banach space.
It is said that a Musielak-Orlicz function = {φ n } n satisfies the condition δ  if there are positive constants a and K and a nonnegative sequence (c n ) ∈  such that φ n (t) ≤ Kφ n (t) + c n for every n ∈ N, t ∈ R + satisfying φ n (t) ≤ a.
For Orlicz sequence Banach spaces, it is said that an Orlicz function φ satisfies the condition δ  if there exist some t  >  and
When the condition δ  is satisfied, the unit vectors form a boundedly complete normalized unconditional basis of ([], Proposition .d.). We denote by e * n the functional vector associated with e n for every n ∈ N and consider [e 
for every x ∈ and for every w * -null sequence {x n }. This implies that the functional x ∈ → lim sup n I φ (x n -x) is w * -slsc. With this property, it is easy to check the w * -sequential lower semicontinuity for the w * -null type functions for both norms, the Luxemburg and the Orlicz norm.
Particular examples of Musielak-Orlicz sequence spaces are the Nakano spaces
where the Orlicz functions are φ n (t) = |t| p n with p n ⊂ [, +∞) [] . In this case, the Musielak-Orlicz function satisfies the condition δ  if and only if sup n p n < +∞. In case that p n =  for every n ∈ N, we obtain  . However, there exist some dual Nakano spaces which are not isomorphic to  and satisfying lim n p n =  [].
Corollary . Let (p n ) be a bounded sequence in [, +∞). Then the corresponding Nakano sequence Banach space verifies the w * -FPP for left reversible semigroups.
In the rest of this section we will consider some relevant equivalent norms in  , and we will study whether they provide the w * -FPP for left reversible semigroups. On the one hand, there are some equivalent norms in  which fail to have this property. For instance  endowed with the norm x = max{ x +  , x - }, as the dual of c  with the norm x + ∞ + x -∞ , fails the w * -FPP for nonexpansive mappings [] . On the other hand, the τ -GGLD and the Opial conditions are properties that can be transferred by isomorphisms under certain conditions. For instance, it is known (see [] ) that if we consider Y = (  , | · |) for some equivalent norm, then Y satisfies the σ (  , c  )-GGLD condition whenever d(Y , (  , ·  )) <  (and this is the best upper bound that can be obtained due to the previous norm). However, as far as we know, the w * -FPP for left reversible semigroups cannot be derived from stability results since the same does not hold for the τ -sequential lower semicontinuity of the τ -null type functions. Indeed, consider the Euclidean norm ·  in R  and define the equivalent norm in  by
where u  = (, ) and u  = (-a, ( -a  ) / ) for some a ∈ (, ). Finally, for λ > , define the norm
for all x ∈  . It is not difficult to check that | · | λ is equivalent to ·  and that the BanachMazur distance between (  , ·  ) and (  , |·| λ ) tends to one when λ goes to zero. Consider x n = e  + ae n , which tends to x = e  in the σ (  , c  )-topology. Notice that 
for every {a n } ∈  . Lin proved that  endowed with this norm verifies the fixed point property for nonexpansive mappings, that is, every | · |-nonexpansive mapping defined on a closed convex bounded subset of  into itself has a fixed point. This assertion proves that FPP does not imply reflexivity as it was conjectured for a long time.
At this point, we do not know whether (  , | · |) verifies a similar statement for left reversible semigroups of nonexpansive mappings. Here we prove that (  , | · |) does verify the w * -FPP for left reversible semigroups where by the weak * topology we refer to σ (  , c  ).
Notice that the above norm is a dual norm, that is, if X = (  , | · |) then X is isometric to a dual space. This can be deduced from the fact that the Schauder basis {e n } is boundedly complete and it is monotonous for the | · | norm. Moreover, X is isometric to the dual of the Banach space spanned by [e * n ] so the weak * topology is in fact σ (  , c  ) (see so we cannot derive the w * -sequential lower semicontinuity of the w * -null type functions from this fact. We will consider the following result which is due to Lennard and it was included in [] . However, we here develop a shorter proof for the sake of completeness.
Lemma . Let {x n } n be a w * -null sequence in  . Define Proof We may, without loss of generality, assume that the sequence {x n } is disjointly supported. First of all, assume that the vector y is finitely supported, that is, there exists some n  ∈ N such that y n =  if n > n  . We can assume that n  < min{supp(x  )}. In such case, for every n ∈ N,
Taking limits when n goes to infinity and using that lim sup n x n  = lim sup n |x n | since {x n } is disjointly supported, we deduce
where the last equality follows from the fact that lim k γ k =  and y n =  if n > n  . Then the lemma holds in this case.
Let y = ∞ n= y n e n be any vector in  and denote y s = s n= y n e n . Notice that is a continuous function for the norm topology so (y) = lim s (y s ). If we prove that lim s (y s ) coincides with the right part of the equality stated in the lemma, the proof will be finished.
For every s ∈ N, Taking limits when s goes to infinity and having in mind that is arbitrary, we obtain the desired equality.
By using the previous equality we can now check the following. Proof Let {y m } be a w * convergent sequence and take y its w * limit.
Take P k the natural projections associated to the usual basis of  and take Q n = I -P n . Fix n ∈ N. By Lemma ., we have that (
Using that ·  is a w * lower semicontinuous function, we obtain that
This inequality then holds for each n ∈ N, which proves that lim inf m→∞ (y m ) ≥ sup n∈N {γ n ( () + Q n- (y)  )} = (y) as we wanted to prove.
Using Theorem . we finally deduce the following. Example . Consider X =  endowed with the equivalent norm
Consider τ as the weak * topology σ (  , c  ). Notice that (  , | · |) is a dual space since the Schauder basis {e n } is boundedly complete and monotonous. Taking the sequence x n = e n for n ∈ N, we obtain lim n x n =  = lim n,m;n =m x n -x m = , which implies that X fails the w * -GGLD condition. However, it is easy to check that X has the Opial condition with The above implies that the w * -null type functions are constant on spheres and therefore w * -slsc.
Therefore (  , · ) verifies the w * -FPP for left reversible semigroups Notice also that this space fails the Opial condition with respect to the w * topology. Indeed, consider the weak * -null sequence x n = e n for n ∈ N and the vector x =   e  . Then lim n x n = lim n x n + x .
Modular function spaces and the ρ-FPP for left reversible semigroups
In this section we consider modular function spaces L ρ := {f ∈ M : ρ(αf ) →  as α → } endowed with the Luxemburg norm
and the Orlicz norm
Here M denotes a set of measurable functions and ρ a convex additive function modular defined over M. It is said that a sequence (f n ) ⊂ L ρ converges to f ρ-almost everywhere, 
In this section we assume that ρ is a σ -finite convex additive function modular which satisfies the  -type condition (see [] or [] ). In this case, a topology τ ρ is defined over L ρ such that τ ρ -compact sets coincide exactly with τ ρ -sequentially compact sets [] . Moreover, the ρ-convergence coincides with the τ -convergence up to subsequences.
In [] (Section ) it is proved that, under the  -type condition, the modular function space L ρ verifies the τ ρ -uniform Opial condition for both the Luxemburg and the Orlicz norm. Moreover, Lemma . and Lemma . of [] show that the τ ρ -null type functions are τ ρ -sequentially lower semicontinuous. Hence we can state the following theorem. for every {α n } ∈  . In this case we will denote x n ∼ (asy)  .
For L-embedded Banach spaces, the abstract measure topology (τ μ ) is defined in [] (Section ) by considering the class of convergent sequences. Namely, if {x n } is a sequence in an L-embedded Banach space, we say that {x n } tends to  in the abstract measure topology (τ μ -lim n x n = ) if {x n } is norm bounded and every subsequence {x n k } contains a subsequence {x n k l } such that x n k l / x n k l ∼ (asy)  or x n k l → .
When X is a separable L-embedded Banach space, the notions of compactness and sequential compactness agree for τ μ [] .
It is proved in [] (see also [] ) that for every τ μ -null sequence {x n } in an L-embedded Banach space, lim sup n x n + x = lim sup n x n + x for all x ∈ X. This equality implies the τ μ -GGLD property and the τ μ -sequential lower semicontinuity of the τ μ -null type functions.
It is known that L-embedded Banach spaces satisfy the FPP for nonexpansive mappings with respect to the abstract measure topology [] . According to Theorem ., we can extend this result to left reversible semigroups in the following way. 
